Abstract. We give several versions of Siu's ∂∂-formula for maps from a strictly pseudoconvex pseudo-Hermitian manifold (M 2m+1 , θ) into a Kähler manifold (N n , g). We also define and study the notion of pseudo-Hermitian harmonicity for maps from M into N . In particular, we prove a CR version of Siu Rigidity Theorem for pseudo-Hermitian harmonic maps from a pseudo-Hermitian manifold with vanishing Webster torsion into a Kähler manifold having strongly negative curvature.
Introduction
Let (M, h) and (N, g) be Riemannian manifolds and f : M → N . Then f is said to be harmonic if
∂f β ∂y i ∂f γ ∂y j h ij = 0, (1.1) where y i are the coordinates on M , Γ α βγ are the Christoffel symbols of N , and ∆ M is the Laplace-Beltrami operator of M . In [16] , Siu proved the following theorem for harmonic maps between Kähler manifolds which implies his celebrated strong rigidity theorem. Theorem 1.1 (Siu Rigidity Theorem). Suppose that f : M → N is a harmonic map between Kähler manifolds. If M is a closed manifold, N has strongly negative curvature in the sense of Siu, and df has real rank at least 4 at some point p ∈ M , then f is either holomorphic or anti holomorphic.
This theorem, together with existence theorem for harmonic maps by Eells and Sampson [5] , gives the following strong rigidity result for compact Kähler manifolds of strongly negative curvature: suppose that M and N are two Kähler manifolds of complex dimension at least 2 with M being closed and suppose that N has strongly negative curvature. Then M and N are topologically equivalent if and only if they are biholomorphically equivalent.
For strictly pseudoconvex pseudo-Hermitian CR manifolds, beside Laplace-Beltrami operator associated with the Webster metric, there are other notions of Laplacian (e.g, the sub-Laplacian and Kohn-Laplacian), which lead to several notions of harmonicity for maps from CR manifolds. For instance, the pseudoharmonic maps defined by using sub-Laplacian have been studied by many authors (see, e.g, [1, 4, 13] ). (However, our notion of pseudo-Hermitian harmonic maps defined below does not coincide with the notion of pseudoharmonic maps into Riemannian manifolds as defined in [4] ). Motivated by these research and our own work with X. Wang [11] on Kohn-Laplacian, we define the notion of pseudo-Hermitian harmonic maps, using KohnLaplacian on CR manifolds, and study the rigidity analogous to Siu's strong rigidity. Let (M 2m+1 , θ) be a strictly pseudoconvex pseudo-Hermitian manifold with a pseudo-Hermitian structure θ and the Levi metric h, and let (N n , g) be a Kähler manifold with Käbler metric g. For any differentiable map f : M → N , we define the total ∂ b -energy functional of f by
We say that f is pseudo-Hermitian harmonic if f is a critical point of the functional E [·] . Write e α = ∂/∂z α , where z α is a local holomorphic coordinate on N , and let
be the corresponding Christoffel symbols. Then, the Euler-Lagrange equation
The key ingredient in Siu's proof is his celebrated ∂∂-formula, which does not involve Ricci curvature of the source manifold M . In order to prove a Siu-type theorem in CR geometry, the important step is to find an analogue of the ∂∂-formula. However, since the TanakaWebster connection always has torsion, our formula should involve torsion of M . To be more precise, let f ᾱ j|k|l be the components of DD∂ b f , where D is the connection induced by TanakaWebster connection on M and the pull-back of the complexified Levi-Civita connection on N (see Section 3 for detail). Following Graham and Lee [6] , we define the second and third order operators
(1.8)
We can contract P f with∂ bf to obtain a scalar, namely
We also define the norm of the tensor B ij f by
We say that f is a CR-pluriharmonic map if Bī j (f α ) = 0 for all 1 ≤ i, j ≤ m and 1 ≤ α ≤ n. Now we can state our main theorem. Theorem 1.2. Let (M 2m+1 , θ) be a closed pseudo-Hermitian CR manifold and let (N n , g) be a Kähler manifold. Let f : M → N be a smooth map. Then
and
Here, the curvature tensor R αβγδ is given by
In [16] , the author introduced the following definition: the curvature tensor R αβγδ is said to be strongly negative (resp. strongly seminegative) if
positive (resp. nonnegative) for arbitrary complex numbers A α , B α , C α , D α , when A α B β − C α D β = 0 for at least one pair of indices α, β. Using argument in [16] , we obtain the following corollary.
Corollary 1.3. Let (M 2m+1 , θ) be a closed pseudo-Hermitian CR manifold of dimension at least 5, and (N n , g) a Kähler manifold. Then (a) If N has strongly semi-negative curvature, then
for any smooth map f : M → N . The equality holds if and only if f is CR-pluriharmonic. (b) If M has vanishing pseudohermitian torsion, N has strongly negative curvature, and if f is pseudo-Hermitian harmonic with df having rank at least 4 at a dense set of M , then f must be CR-holomorphic or anti CR-holomorphic.
We remark that part (a) in the corollary generalizes a result in [6] about positivity of the operator P for maps; and part (b) gives a CR version of Siu's rigidity theorem.
Harmonic map equations
For basic notions in pseudohermitian geometry, we refer the reader to [7, 8] or [17] , [9] , [12] and [11] . Let (M 2m+1 , θ) be a (2m + 1)-dimensional, strictly pseudoconvex pseudo-Hermitian manifold and let (N n , g) be a Kähler manifold. Suppose that f : M → N is a smooth map. We can define the pointwise∂ b -energy of f as follows. Suppose p ∈ M and q = f (p). We choose a local coordinate chart V of N near q. Near p, we choose a local holomorphic frame {Z i } and let h ij be the Levi-form with respect to {Z i }. That is,
where, {θ i } is a holomorphic coframe dual to {Z i } and θī
where the summation convention is used. The∂ b -energy functional of f is
A critical point of the functional E satisfies τ (f ) = 0, where
Here, Γ α βγ , or more precisely, Γ α βγ • f , is the Christoffel symbols of N evaluated at the point f (p), with respect to coordinates {z α } and f ᾱ ij is the second order covariant derivative of f α with respect to the Tanaka-Webster connection on M . In fact, given p ∈ M , we choose a local chart V of f (p) and consider the family f t defined as f α t = f α + tψ α , where ψ α are smooth functions with compact supports in a neighborhood of p. Then, by a standard calculation for 
(iii) We say that f is CR-pluriharmonic if m ≥ 2 and Example 1. Let N = B n be the unit ball in C n with Bergman metric given in standard coordinates by
The corresponding Christoffel symbols are
Therefore, a map f : M → B n is pseudohermitian harmonic if and only if (f α ) satisfies the following system.
where b is the Kohn-Laplacian. It is well-known that the Bergman metric has strongly negative curvature [16] . Corollary 1.3 implies that any smooth embedding of the sphere S 2m+1 (m ≥ 2) into B n satisfying (2.10) must be a CR embedding.
The following proposition shows that the CR-pluriharmonicity is CR invariant (i.e does not depend on the pseudo-Hermitian structures on M ). When N = C n , the proposition follows directly from aforementioned result in [8] .
Proposition 2.2. Let (M, θ) and (N, g) be a pseudohermitian manifold and Kähler manifold, respectively. If f : M → N is CR-pluriharmonic with respect to θ, then it is CR-pluriharmonic with respect to anyθ = e 2σ θ.
Proof. Locally, we can choose a local holomorphic frame {Z i } and its dual admissible coframe {θ i } for θ. As in [7] , we chooseθ
Then {θ k } is an admissible coframe forθ, with the same matrixĥ ij = h ij , and dual to the holomorphic frame {Ẑ k = e −σ Z k }. The Webster connection formsω i l is given by [7] 
In local frameẐ k , we write∇ i =∇ Z i , etc.,
Suppose that f is CR-pluriharmonic, i.e. (2.7) holds, then we obtain 15) which implies that f is CR-pluriharmonic with respect toθ, as desired.
Proof of Theorem 1.2
In this section, we give a proof of Theorem 1.2. For convenience, we introduce several notations similar to those in [14] . The covariant derivativeDD∂ b f is formed similarly, namely
Here, the covariant derivatives with respect to Tanaka-Webster connection on M are denoted by indexes preceded by commas. Also,
In what follows, we will denote the curvatures on M and N by R with Latin indices and Greek indices, respectively. Thus, R i l jk and A ij are components of Webster curvature and torsion on M , respectively, while R α βγδ are components of curvature on N .
Lemma 3.1. We have the following commutation relations
Proof. The proof use the usual commutation relations for functions on CR manifolds as derived [8] and [12] . For the first relation in (4.7), since Γ α βγ = Γ α γβ , we deduce from (3.1) that f
as desired. The proof of (4.8) is similar. To prove (3.7), we compute, at a point p under the assumption that the Christoffel symbols of M at p and those of N at f (p) vanish,
Since the Christoffel symbols vanish at f (p), one has ∂ δ Γ α βγ = ∂ γ Γ α βδ at f (p), and thus
which, by the commutation relations for Tanaka-Webster covariant derivatives (see [6] ), implies (3.7). Similarly, with Γ α βγ (f (p)) = 0, one has f
). This proves (3.8) . The proof of (3.9) is similar and is omitted.
Proof of Theorem 1.2. We compute covariant derivative, using (3.7), (3.8) and (3.9),
Taking the trace over k and j (using the Levi matrix h kj ),
From (3.14), we see that if the target manifold N is flat and m ≥ 2, then any CR-pluriharmonic map satisfies P i f α = 0. This is Graham and Lee's result in [6] . As in [6] , we consider the tensor E on M defined by
Then, the divergent δE is
Here, we used the fact that B ij f α is trace-free. Taking integral both sides over closed manifold M , we obtain
This proves (1.11). To prove (1.12), we consider
The divergent δF is
Taking integration over M , we obtain the desired equality.
Rigidity theorem/Proof of Corollary 1.3
In this section, we prove Corollary 1.3. For the part (a), suppose N has strongly semi-negative curvature, then
This and (1.11) imply that
The equality holds if and only if both terms in the right of (1.11) vanish; in particular,
and therefore, f is CR-pluriharmonic.
Part (b) follows from the following more general theorem.
Theorem 4.1. Let (M 2m+1 , θ) be a closed pseudo-Hermitian CR manifold with CR dimension m, (N, g) is a Kähler manifold, and f : M → N is a pseudo-Hermitian harmonic map. Suppose also that M has vanishing Webster torsion, N has strongly negative curvature, and df | H has (real) rank at least 4 on a dense set of M , then f is a CR or anti CR map. Furthermore, if f is immersion, then f must be CR. More generally, if the curvature of N is negative of order k and df | H has rank at least 2k on a dense set, then the same conclusion holds.
Here, as defined in [16] , the curvature tensor R αβγδ of N is said to be negative of order k if it is strongly semi-negative and satisfies the following. Proof of Theorem 4.1. The proof follows the lines in [16] and is included here for completeness. Let U be an open connected open subset of M such that the rank of df | H over R is at least 2k on U . Fix p ∈ M , we shall prove that either∂ b f (p) = 0, or ∂ b f (p) = 0; since U is dense in M , it suffices to prove in the case p ∈ U . Let K be the kernel of df | H :
. By Lemma 1 in [16] , there exists a basis g 1 , g 2 , . . . , g n of H p over C such that for a tube of k indices 1 ≤ i 1 < · · · < i k ≤ n the intersection of K with the C-vector subspace of H p spanned by g i 1 , . . . , g i k is zero. Choose a holomorphic frame {Z j : 1 ≤ j ≤ n} in a neighborhood of p such that g j = Z j +Z j and let W be the complex vector subspace of T 1,0 where ξ
Since R αβγδ is negative of order k, we deduce that for 1 ≤ i 1 < · · · < i k ≤ n, either f ᾱ j = 0 for all α and j = i 1 , i 2 , . . . , i k or f α j = 0 for all α and j = i 1 , i 2 , . . . , i k . Because k ≥ 2, it must follows that either f ᾱ i = 0 for all α and all j, or f α j = 0 for all α and all j. To finish the proof, we need the following lemma which generalizes a previous result for sphere in C m+1 in [10, Theorem 3.1].
Lemma 4.2. Let M be a strictly pseudoconvex CR manifold of dimension at least 5. Suppose that M admits a (local) transversal infinitesimal CR automorphism X at every point. Assume that g is a twice differentiable function on M such that for any p ∈ M , either ∂ b g(p) = 0, or ∂ b g(p) = 0. Then g is either CR, or anti CR.
Proof. We shall follow the idea in [10, Theorem 3.1]. Let A 0 and B 0 be the closures of the interiors of the sets {∂ b g = 0} and {∂ b g = 0}, respectively. It follows that A 0 ∪ B 0 = M . If either A 0 or B 0 is empty, then the conclusion of the lemma is clear. Thus suppose that both sets are nonempty. We shall show that g is a constant. By connectedness, it suffices to show that g is locally constant. Therefore, we can assume that there is a frame {Z i , Zī, T } on M such that T = X is the given infinitesimal CR automorphism, {Z i } is a holomorphic frame, and Zī = Z i . We have the following identities [Zj,
where the h ij and the Christoffel symbols are the Levi-form and the symbols corresponding to the pseudohermitian structure θ for which T is the associated Reeb vector field [7, p. 418] .
Notice that the vanishing of the Christoffel symbols of mixed types and the components of the Webster torsion follows from the assumption that T is an infinitesimal CR automorphism. Let K = A 0 ∩ B 0 and p ∈ K. Then for each j, Z j g and Zjg both vanish at p. Moreover, by continuity, Z k Zjg = 0 on B 0 and ZjZ k g = 0 on A 0 . Therefore, from (4.7) we find that T g = 0 on K.
Let
Then G is continuous on M . We claim that G is anti CR on M . In fact, on the interior of A 0 , one computes, using (4.9), Z j (T g) = T (Z j g) − Γ k 0j Z k g = 0. Then by continuity, Z j (G) vanishes on A 0 and so on the whole M ; the claim immediately follows.
By well-known unique continuation for anti CR functions (see, e.g., [11] for a detail proof, notice that M is locally embeddable into C m+1 ), it follows that G ≡ 0 on M . Whence, T g vanishes on A 0 . Using similar argument forḡ, we find that T g = Tḡ also vanishes on B 0 . Therefore, T g = 0 on M. Since the left hand side vanishes on A 0 , while the right hand side vanishes on B 0 , both must vanish on M . Therefore, Z i g is a CR function. Since Z i g = 0 on A 0 which has nonempty interior, again by unique continuation, we deduce that Z i g = 0 on M . Similarly, Zjg = 0 on M (for all j). Hence g must be a constant.
Applying the lemma for each component f α (noticing that the vanishing of Webster torsion implies that the Reeb vector field T is a transversal CR automorphism), we conclude that f is either CR or anti-CR, as desired.
Finally, if f is anti CR, then f α j = 0. Therefore, 
